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We consider the effect of metal electrodes on the polarizability and nucleation of metal phases
responsible for the operations of the emerging solid state memory. Our analysis is based on the
image charge approach. We find results for point dipoles in static and oscillatory fields as well as
an erect cylindrical nucleus near metal surfaces in resistive switching memories. We predict a large
increase in polarizability and nucleation rate due to the metal electrode effects.
PACS numbers:
I. INTRODUCTION
Operations of the phase change and filamentary resis-
tive memory rely on the threshold switching when the
electric bias induces the formation of conductive fila-
ments. That phenomenon was explained as the electric
field induced nucleation (FIN)1–4 of needle shaped parti-
cles. The large dipole moments p = αE of these particles
provide an energy gain FE = −p · E = αE
2 which out-
weighs the surface energy loss due to their non-spherical
shape (here E is the external electric field and α is the
polarizability). Following the first applications to the
phase change memory, other applications of FIN later
extended over resistive memory5–8, threshold switching,9
general metal particle nucleation,10 non-photochemical
laser induced nucleation,11 metal whisker nucleation,12
and resonance nucleation via plasmonic excitations of
metal particles.13,14
In simple words, the FIN nucleation concept exploits
the known fact15 that the polarizability of a metal needle
is proportional to the cube of its length, α ∝ l3, instead
of its volume la2 where a is the needle radius. As a result,
starting from certain field strength, the electrostatic free
energy gain FE ∼ l
3E2 prevails over both the surface
energy (∝ la) and the volume contribution (∝ la2). The
FIN predicted nucleation barrier is reciprocal in E and
the square root of the particle polarizability.
The existing FIN theory assumes an unspecified strong
external field E that remains unchanged in the course of
nucleation. However the device metal electrodes will re-
spond to the formation of a particle dipole p by gener-
ating the image dipole15 p′ as illustrated in Fig. 1. The
interaction between these dipoles will contribute to the
system polarization and thereby invalidate the concept
of a fixed external field.
The image charge feedback will increase the bare dipole
polarization thus lowering its electrostatic energy and ac-
celerating FIN. A qualitatively similar phenomenon of
the enhanced electromagnetic field was discussed earlier
for Raman scattering by absorbed molecules.16,17
Here, we present a self-consistent theory of FIN with
the image dipole taken into account. Our findings will
represent a second example of image charge effects in
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FIG. 1: An arbitrarily oriented dipole in the presence of an
arbitrary external field, near a metal surface. The field E the
dipole moment p and the image dipole p′ are broken down
into components parallel and perpendicular to the surface.
FIG. 2: A right circular cylinder (height 2l and radius a≪ l)
extending from a metal surface (the dashed parallelogram) in
the presence of a constant electric field normal to the surface.
Also shown is the cylinder’s image (dashed).
device physics following the famous effect of image charge
lowering of the Schottky barriers between semiconductors
and metals.18
More specifically, in Sec. II we show that the interac-
tion energy consists of that between the bare field and
2the real dipole, p · E and that of dipole-dipole, (∝ p · p′)
interaction while that between the field and the image
dipole does not contribute. Sec. III presents the ex-
actly solved case of point dipoles (far enough from the
metal electrode), which shows that the image dipole ef-
fect can exponentially accelerate FIN. In Sec. IV we de-
termine the electrode effect on the nucleation energy of
an erect cylinder shaped particle nucleated perpendicular
on the flat electrode as illustrated in Fig. 2. In that case,
which is especially important for memory device opera-
tions, based on resistive switching, also known as RRAM
and CBRAM, we show that the image charge effect can
decrease the nucleation barrier by approximately a fac-
tor of 2, thus accelerating the FIN rate by many orders
of magnitude due to the exponential dependence of nu-
cleation probability on the barrier. Sec. V analyzes the
image charge effects for the case of ac fields which can be
in resonance with the plasmonic excitation of nucleated
particles, making their polarizability anomalously high.
Finally, Sec. VI summarizes the results and discusses
their limitations and possible complimentary effects.
II. INTERACTION NEAR A METAL PLATE
The superposition of the external field E (above the
electrode), the field Er due to real charges (e.g. the
electric dipole), and the field Ei due to image charges,
corresponds to the electrostatic energy (1/8π)
∫
d3r(E+
Er + Ei)
2 where the integral is taken over the entire
space outside the metal. Subtracting the partial energies,
(1/8π)
∫
d3r[(E)2 + (Er)
2 + (Ei)
2], yields the energy of
interaction,
W =
1
4π
∫
d3r(E · Er +Ei ·Er +E · Ei). (1)
Taking into account the standard electrostatic equa-
tions, E = −∇φ with φ = −E · r, and ∇2φr,i = −4πρr,i
for the potentials φr,i and charge densities ρr,i of the real
(r) and image (i) charges, one can write W in the form
W = −E · p−
∫
d3rφi(r)ρr(r), (2)
where the real charge dipole moment is p =
∫
d3rrρr(r).
The third term in Eq. (1) gives zero contribution to
the result in Eq. (2) because the electric field is zero
at the image charge density ρi(r) inside the metal. The
interpretation of that zero contribution in terms of polar-
ization surface charges (represented above with the image
charges), is that they are redistributed along the equipo-
tential metal surface.
We now specify the above Eq. (2) for the two cases
analyzed in what follows. For the case of a spatially con-
fined charge distribution, such as a point dipole, one can
represent ρr(r) = −∇P where P is the polarization den-
sity, and
∫
Pd3r = p. Integrating by parts, this yields,
W = −(E+Ep′) ·p with Ep′ =
3(p′ · r)r− p′r2
r5
(3)
where Ep′ = −∇φi is the field induced by the image
dipole moment p′.
For the case of an erect nucleus on the electrode (Fig.
2), we note that the total electric potential along that
metal rod must be a constant. That results in φi =
−φ0 = E · r. Substituting this into Eq. (2) yields
W = −2E · p. (4)
This doubling of the well known result U = −E · p for
a stand alone dipole can be explained physically as the
attraction of the dipole to its image.
Eqs. (3) and (4) are not final: the quantities, p′ and
p in them must be self-consistently determined, which is
done in what follows. As long as p is linear in E, this
will define U as a function quadratic in the bare field
strength E identified with the electrostatic contribution
to free energy directly related to the particle nucleation
barrier,
W = −αeffE
2 (5)
where the effective polarizability αeff depends on the par-
ticle geometry.
Finally, we note that taking into account that the
source dipole is in a material with dielectric permittivity
ε will not change the image charge values and interac-
tions. However, it was shown by several authors19–21
that the expression for the electrostatic free energy will
change to
FE = εW. (6)
III. POINT DIPOLES
The equations for the dipole components parallel (p‖)
and perpendicular (p⊥) to the metal surface, take the
form
p‖ = α‖(E‖ + Ep′,‖), p⊥ = α⊥(E⊥ + Ep′,⊥). (7)
Here α‖ and α⊥ are respectively longitudinal and trans-
verse polarizability. The corresponding components of
the field generated by the image dipole at the real dipole
location are given by
Ep′,‖ = −
p′‖
r3
=
p‖
r3
and Ep′,⊥ =
2p′⊥
r3
=
2p⊥
r3
(8)
where we have taken into account that vector r in Eq. (3)
is perpendicular to the metal plane, and that p′⊥ = p⊥,
p′‖ = −p‖. The latter relations illustrated in Fig. 1 are
readily justified by considering the image charges dual to
those forming the bare dipole.
Substituting Eq. (8) into Eq. (7) yields the expres-
sion for the effective (apparent) polarizabilities that de-
termine the induced dipole moments,
p‖ = (α‖)effE‖ and p⊥ = (α⊥)effE⊥ (9)
3with
(α‖)eff =
α‖
1− α‖/4h3
and (α⊥)eff =
α⊥
1− α⊥/2h3
.
(10)
The latter equations are similar to the results of Ref. 16
describing the Raman scattering of molecules on metal
surfaces.
Finally, substituting Eqs. (9) and (10) into Eq. (3)
gives the interaction energy
W = −
E2‖α‖(1 + 3α‖/4h
3)
(1− α‖/4h3)2
−
E2⊥α⊥(1 + 3α⊥/2h
3)
(1 − α⊥/2h3)2
.
(11)
Eq. (11) can be reduced to the form of Eq. (5) given the
angle that the field E makes with the electrode. Over-
all, the results in Eqs. (10) and (11) clearly show the
metal induced enhancement in polarization and interac-
tion energy compared to the case of stand alone particles
corresponding to h→∞.
It was shown in the preceding work2–4 that FIN nucle-
ation barrier is inversely proportional to the electric field
strength. Due to the electrode, the latter is stronger by
the image dipole contribution. The corresponding bar-
rier suppression factor, i. e. the ratio of FIN barriers for
stand alone particle over that in electrode proximity, can
be derived from Eqs. (10) and (11) to be√
−
E2‖ + E
2
⊥
W
> 1. (12)
Therefore, FIN is strongly accelerated in the closest vicin-
ity of a metal electrode.
To estimate the latter suppression more quantitatively,
we consider the case of needle shaped dipoles of length l
perpendicular to the metal plate, for which α⊥ ∼ l
3 to
the accuracy of logarithmic corrections (see Refs. 1–4,9–
14 and p. 17 in Ref. 15). Based on the general argument
and the results in Refs. 1–4,9–14, one can estimate the
electrode induced nucleation barrier decrease as
δWB ∼WB
αeff − α⊥
α⊥
∼WB
(
l
h
)3
(13)
where WB is the barrier for stand alone particles. This
increases the nucleation rate by the factor exp(δWB/kT )
where kT is the thermal energy. Even though l ≪ h for
point dipoles, the ratio WB/kT <∼ 100 can be so large
that the acceleration factor exp(δWB/kT ) amounts to
several orders of magnitude.
IV. ERECT CYLINDER
It follows from the previous section that nucleation of
a conducting cylinder erect on a metal electrode is a most
likely scenario to conductive path creation in an emerg-
ing solid state memory. We now specify the result in Eq.
(4) describing the energy of such a nucleus. First of all,
we note that the dipole moment p in that equation cor-
responds to the half of the total cylinder comprising both
the real and image dipoles,
p =
ptot
2
. (14)
On the other hand, the electric field distribution in
the system is such as it would be in the case of the latter
stand alone total cylinder, as follows from the system
symmetry (see p. 45 of Ref. 22). Following Ref. 15 (p.
17), the dipole moment of such a cylinder of length 4l
(see Fig. 2) can be written as
ptot =
(4l)3E
3 ln(32l/a) + 7
. (15)
Combining this with Eq. (14) yields
p = 4p0
3 ln(8l/a) + 7
3 ln(32l/a) + 7
≈ 4p0 (16)
where p0 is the dipole moment of a stand alone cylinder
of length 2l infinitely far from the electrode and we have
taken into account that both the numerator and denom-
inator of the ratio in Eq. (16) are supposed to be much
greater than unity.15 In other words, the polarizability
of a perpendicular cylinder erect on the electrode is four
times of that for a stand alone cylinder of the same ge-
ometry.
Following the existing FIN theory, the nucleation bar-
rier is reciprocal in the square root of polarizability [see
e. g. Eq. (10) in Ref. 2]. Therefore, the presence of
a metal electrode suppresses the nucleation barrier by a
factor of 2. Because the nucleation rate is proportional
to exp(−WB/kT ) ≪ 1, such a suppression will acceler-
ate FIN by many orders of magnitude. This enables one
to make more accurate numerical comparison to the data
and conclude that the field induced nucleation of conduc-
tive phases is exponentially more efficient in the vicinity
of a metal electrode.
V. POINT DIPOLES IN A RESONANCE FIELD
While consideration in this section is not directly re-
lated to device operations, it is closely linked to the
point dipole polarization effects that may appear diverg-
ing when the electric field is in resonance with their inter-
nal excitations. Indeed, Eq. (10) is limited to the concept
of point dipoles in that it assumes their small geometrical
size, but not necessarily a small polarizability. As follows
from the general argument and was explicitly shown in
multiple work on plasmonic effects (see e. g. Refs. 13,23
and references therein), internal excitations in resonance
with an ac field can significantly increase α compared to
its static value ∼ l3, to the extent that the denominators
in Eq. (10) nullify making (α⊥)eff and (α‖)eff divergent.
For specificity, we describe here how this problem is
solved for the case of dipoles parallel to the metal surface.
4Taking into account Eq. (10) and following the known
recipe for the energy of a metal particle in an ac field,15,24
the contribution to the free energy of a metal particle
becomes
FE =
E2‖
2
Re
(
α‖
1− α‖/4h3
)
, α‖ =
V
4π
εp − ε
ε+ n(εp − ε)
.
(17)
Here, ǫp = 1− ω
2
p/ω
2 + iω2p/ω
3τ is the dielectric permit-
tivity of a metal particle of volume V at frequency ω,
τ is the electron relaxation time, ωp is the plasmon fre-
quency, n is the depolarizing factor, and τ−1 ≪ ω ≪ ωp.
In Eq. (17) E‖ is understood as the amplitude of the field
component parallel to the metal surface. Approximating
the dipole geometry with anisotropic prolate spheroid of
semi-axes l and a≪ l yields,
n ≈ (a/l)2[ln(2l/a)− 1] and V = 4πla2/3. (18)
For the case of stand alone (h→ ∞) particles, the al-
gorithm of Eq. (17) has been implemented.13,14 Along
exactly the same lines, we have analyzed here the case of
finite h, which is still straightforward, though more cum-
bersome. Omitting the derivation, which is quite similar
to that in Refs. 13,14, the final result is rather trans-
parent: compared to the case of stand alone particle, FE
turns out to be renormalized by the coefficient where α‖
is the static (ω = 0) polarizability; hence, there is no
apparent resonance divergency.
In the meantime, F (E) remains to be enhanced com-
pared to the static field case due to the resonance interac-
tion with plasmonic excitations in metal nuclei, exactly as
established earlier13,14 for the stand alone needle shaped
particles. It is additionally enhanced by the image dipole
related factor 1/(1− α‖/4h
3). Similar conclusions (with
obvious modifications) can be made for the dipoles per-
pendicular to the metal surface.
VI. DISCUSSION AND CONCLUSIONS
Fig. 3 represents a summary of our results, along with
an additional feature for the case of a conductive fila-
ment reaching almost entirely through the device thick-
ness. The left diagram in Fig. 3 shows how the dipole
energy follows Eq. (11) for the case when the distance to
the electrode is much greater than the dipole geometrical
length, but for the case of smaller distances, comparable
to the dipole’s length, the dipole energy saturates and
becomes equal to the energy of a perpendicular cylinder
erect on the electrode, −4Ep0 when h = 0.
The right diagram in Fig. 3 shows how the electro-
static energy of a cylinder erect on the device electrode
follows the dependence FE = −pE ∝ −l
3 with p given
by Eqs. (14) and (15) until the cylinder length becomes
very close to the device thickness L (taken to be 20l in the
diagram). This implies that the presence of the second
electrode remains immaterial (and the above results ap-
ply in domain I of the diagram) until the cylinder almost
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FIG. 3: Left: The electrostatic energy for a perpendicular
metal cylinder of length 2l at distance h from the electrode; in
units of the absolute value of energy of a stand alone cylinder
|Ep0|. Right: The electrostatic energy vs. length 2l of a
perpendicular metal cylinder erect on an electrode in a system
where a second parallel electrode is placed at distance 20l.
bridges the system. In the latter narrow complimentary
domain II, the presence of the second electrode becomes
important and can qualitatively change the electrostatic
energy behavior from decreasing to sharply increasing as
explained next.
The reason for a relatively small effect of the second
electrode in domain I is that the tip of a needle shaped
particle significantly disturbs the field only in a relatively
small region of linear size25 δ ∼ ln where, according to
Eq. (18), the depolarizing factor n≪ 1. The correspond-
ing field concentration,15,25 E → E/n results in a rather
insignificant energy contribution ∼ (E/n)2δ3 ∼ E2l3n≪
E2l3. It can be neglected unless the filament length l be-
comes very closed to L, separated by distance δ ≪ L to
the second electrode. Assuming the aspect ratios l >∼ 10
typical of the solid state memory filaments, δ is less than
1% of the device thickness. Note that δ is not related to
the width of domain II in Fig. 3.
To explain the origin of domain II, we note that the
above reasoning is limited to the assumption of electro-
static conditions where the currents are absent and the
charges remain fixed. Correspondingly, the electrostatic
energy is described by Q2/2C where Q is the electric
charge and C is the capacitance. With C increasing upon
nucleation of metal particles, the electrostatic energy de-
creases, leading to the free energy gain described above.
These electrostatic conditions will be violated when the
distance d ≪ l between the particle tip and the second
electrode becomes small enough to allow efficient current
flow by tunneling or hopping. In that case, the electric
potential difference U between the tip and the electrode
rather then the field or electric charge becomes essential.
Correspondingly, the electrostatic energy is better repre-
sented as CU2/2 where C ∼ a2/d is the effective capac-
itance between the tip and the electrode. The right dia-
gram in Fig. 3 shows the divergent contribution a2U/d
in domain II where the results of the preceding sections
do not apply.
5While the latter analysis remains rather qualitative, its
predicted energy barrier in domain II can have significant
implications limiting the filament length and enforcing a
gap between the filament tip and the electrode. That
prediction is consistent with the published experimental
data on resistive memory establishing the existence of the
gap.26,27
Our general conclusion is that the image charge effects
greatly facilitate nucleation of metal particles leading to
the acceleration of the FIN rates by many orders of mag-
nitude in the near electrode region. These effects are
generic, i. e. they do not depend on the material chem-
istry and apply to all conductive electrodes.
From the practical standpoint, the 50% reduction in
the FIN barrier by image charge effects explains why
the conductive filaments always nucleate at the electrode
rather than in the bulk of the device, and why FIN can
occur even for the case of electrodes with relatively low
roughness.
In addition, our results show how the resonance FIN
under the laser beam is exponentially more likely in the
near electrode region; this should be taken into account
in planning experiments on non-photochemical laser in-
duced nucleation.28,29
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